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The quantum gravitational contribution to the renormalization group behavior of the electric
charge in Einstein-Maxwell theory with a cosmological constant is considered. Quantum gravity is
shown to lead to a contribution to the running charge not present when the cosmological constant
vanishes. This re-opens the possibility, suggested by Robinson and Wilczek, of altering the scaling
behaviour of gauge theories at high energies although our result differs. We show the possibility of
an ultraviolet fixed point that is linked directly to the cosmological constant.
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The behaviour of the coupling constants in quantum
field theory at different energy, or length, scales is gov-
erned by the Callan-Symanzik [1, 2], or renormalization
group equations. For a theory with a single coupling con-
stant g, if we scale the energy E by E → etE the running
coupling constant g(t) usually obeys the equation
dg(t)
dt
= β(g(t)) (1)
for some function β(g), called the renormalization group
β-function. This equation governs the ultraviolet (in-
frared) behaviour of the theory obtained from t →
∞ (t → −∞). Zeroes of the β-function are called fixed
points. In particular, if g(t)→ 0 as t→∞ the theory is
said to be asymptotically free, meaning that the coupling
constant becomes weaker at high energy (short distance).
For a review of renormalization group terminology, see [3]
or [4] for example.
One of the great calculations of modern quantum field
theory demonstrates that Yang-Mills gauge theories can
exhibit asymptotic freedom [5, 6]. Such theories lie at
the heart of modern particle physics as encoded in the
standard model. However, if gravity is considered clas-
sic papers of ‘t Hooft and Veltman [7] and Deser, van
Nieuwenhuizen and Tsao [8, 9, 10, 11] demonstrate that
the coupling of matter fields to Einstein’s theory of grav-
ity renders the full theory non-renormalizable. This sug-
gests that Einstein’s theory of gravity may not be funda-
mental in the same sense as Yang-Mills theory. However,
it still makes sense to consider the perturbative quanti-
zation of Einstein’s theory within the effective field the-
ory framework as emphasized in the important papers of
Donoghue [12].
With this effective field theory viewpoint in mind,
Robinson and Wilczek [13] claimed that quantum grav-
itational corrections to the renormalization group func-
tions tended to make all theories asymptotically free at
high enough energies. This holds even for theories like
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QED that do not exhibit asymptotic freedom in the ab-
sence of gravity. If true, there are possible phenomeno-
logical consequences [14]. In addition, the results of [13]
have been used to justify [15] the weak gravity effect [16].
With these motivations it is important to examine the
conclusions of Robinson and Wilczek in other indepen-
dent calculations.
Doubt on the validity of the results of Robinson and
Wilczek was cast by Pietrykowski [17] who showed for
Einstein-Maxwell theory that their result was gauge de-
pendent, and that a different choice of gauge leads to
a null result. This was demonstrated in a gauge con-
dition independent way in Ref. [18]. The calculation of
Robinson and Wilczek involves quadratically divergent
integrals that get regularized to zero if dimensional reg-
ularization is used. Standard renormalization group ar-
guments of ‘t Hooft [19] show that only logarithmic di-
vergences contribute to renormalization group functions
affecting running coupling constants. A very important
contribution [20] (see also [21]) to the debate over the
quantum gravity corrections to the running coupling con-
stants demonstrates conclusively that all of the quadratic
divergences that are present in the theory cancel in a
cut-off regularization scheme, and that the logarithmic
divergences that are present agree with those found us-
ing dimensional regularization; they too are absent, and
there is no purely quantum gravity contribution to the
running gauge coupling constants. (An earlier string cal-
culation [22] showed that there was no gravitational cor-
rection to the gauge coupling constants.)
The calculations of [13, 17, 18, 20, 21] are all for Ein-
stein gravity without a cosmological constant. What
we will show in this paper is that the quantization of
Einstein-Maxwell theory with a cosmological constant
present does lead to a running of the electric charge, and
by extrapolation, to a running of the Yang-Mills gauge
coupling constant. However the scaling behaviour of the
theory is different from that predicted originally in [13],
and this modified behaviour could lead to a new fixed
point that is not found in the absence of gravity. The
quantization of Einstein-Maxwell theory with and with-
out a cosmological constant was first given in [9]; however
it is worth a reexamination for reasons we now discuss.
2Our method of calculation will follow our earlier pa-
per [18] and use the gauge-invariant background-field
method and dimensional regularization. The calcula-
tion is of necessity off-shell since the classical equations
of motion are not satisfied with the background space-
time and electromagnetic field that are needed. This is
true for two reasons. In the first place we are expanding
about flat Minkowski spacetime that is not a solution to
the Einstein equations with a cosmological constant in-
cluded. The second reason is that even if the cosmolog-
ical constant vanishes we must keep the electromagnetic
field non-zero if we are to calculate a possible contribu-
tion to the β-function for the running charge, and this
does not solve the Einstein field equations either. Unless
special care is taken the results of the calculation can
be gauge dependent as well as dependent on the gauge
conditions that must be imposed. One way to ensure
that this does not happen is to use the background-field
method of Vilkovisky [23] and DeWitt [24].
To one-loop order the effective action is [25]
Γ[ϕ¯] = S[ϕ¯]− ln det Qαβ[ϕ¯]
+
1
2
lim
ξ→0
ln det
{
∇i∇jS[ϕ¯] +
1
2ξ
Kiα[ϕ¯]K
α
j [ϕ¯]
}
, (2)
where
∇i∇jS[ϕ¯] = S,ij [ϕ¯]− Γ
k
ij [ϕ¯]S,k[ϕ¯] , (3)
Qαβ[ϕ¯] =
δχα
δǫβ
. (4)
We use DeWitt’s condensed notation [26] here with ϕi
the complete set of fields. Here Kiα are the generators
of gauge transformations defined by δϕi = Kiαδǫ
α, with
δǫα the infinitesimal parameters of the gauge transfor-
mation. χα denotes the gauge condition and Γ
k
ij is the
connection on the space of fields. Provided that we adopt
the Landau-DeWitt gauge condition
χα = Kαi[ϕ¯](ϕ
i − ϕ¯i) = 0 , (5)
Γkij may be taken to be the Christoffel connection asso-
ciated with the field space metric. It is worth emphasiz-
ing that the background field ϕ¯i is completely arbitrary
here, and that it is not necessary to expand about a clas-
sical solution to the equations of motion. The resulting
effective action is completely independent of the choice
of gauge condition; the Landau-DeWitt choice (5) is for
ease of computation only. The contribution from Qαβ
is the usual Faddeev-Popov ghost term and, as it is un-
changed by the presence of a cosmological constant, may
be shown [18] to make no contribution to the part of the
effective action responsible for charge renormalization.
The classical action functional for Einstein-Maxwell
theory is
S = SG + SM , (6)
where
SG = −
2
κ2
∫
dnx|g(x)|1/2(R− 2Λ) , (7)
is the gravitational Einstein-Hilbert action with κ2 =
32πG and Λ the cosmological constant with
SM =
1
4
∫
dnx|g(x)|1/2FµνF
µν (8)
the Maxwell action for the electromagnetic field. We
choose the curvature conventions of [27] but with a Rie-
mannian metric. We choose ϕi = (gµν(x), Aµ(x)), but
this is totally arbitrary; any other choice will lead to the
same result since the formalism is independent of the
choice of field parameterization.
Because our concern here is only the possibility of
charge renormalization as a consequence of quantum
gravity corrections, we simplify by choosing the back-
ground spacetime to be flat, gµν = δµν , and the back-
ground gauge field A¯µ to correspond to a constant elec-
tromagnetic field F¯µν . We can concentrate on pole terms
in the one-loop effective action that involve only F¯µν F¯
µν
since standard background-field methods link the field
renormalization factor to that of the charge [28].
We can write [18]
−
1
2
ln det
{
∇i∇jS[ϕ¯] +
1
2ξ
Kiα[ϕ¯]K
α
j [ϕ¯]
}
= ln
∫
[dη] e−Sq , (9)
where
Sq =
1
2
ηiηj
(
S,ij − Γ
k
ijS,k +
1
2ξ
Kα iK
α
j
)
. (10)
Our interest is in evaluating terms in the effective action
that are of quadratic order in the background electro-
magnetic field. We separate Sq in (10) into three terms,
Sq = S0 + S1 + S2 , (11)
where the subscript 0, 1, 2 counts the power of the back-
ground field A¯µ that occurs. After some calculation it is
3found that
S0 =
∫
dnx
{
−
1
2
hµνhµν +
1
4
hh
+
(
1
κ2ξ
− 1
)(
∂µhµν −
1
2
h,ν
)2
−
nΛ
2(n− 2)
(hµνhµν −
1
2
h2)−
1
2
Λaµaµ
+
1
2
aµ(−δ
µν
+ ∂µ∂ν)aν +
1
4ζ
(∂µaµ)
2
}
, (12)
S1 =
κ
2
∫
dnx
(
hF¯µν − 2hµλF¯
λν + 2hνλF¯
λµ
)
aν,µ
+
1
κξ
∫
dnx
(
∂µhµν −
1
2
h,ν
)
F¯λνaλ, (13)
S2 = κ
2
∫
dnx
{1
4
F¯µν F¯
µ
σ
(
hνλhσλ −
1
2
hhνσ
)
−
(4− n)
32(2− n)
F¯ 2
(
hνλhσλ −
1
2
hhνσ
)
−
1
32
aµaν(δ
µν F¯ 2 − 4F¯µλF¯ νλ)
+
1
4
F¯µν F¯λσh
µλhνσ +
1
4ξκ2
F¯µλF¯ν
λaµaν
}
. (14)
We distinguish the parameters used to implement the
Landau-DeWitt gauge conditions for gravity and elec-
tromagnetism by ξ and ζ respectively. We abbreviate
F¯µν F¯
µν = F¯ 2 and use h = hµµ. hµν and aµ are the fields
integrated over in the functional integral, represented by
ηi in condensed notation in (9,10). The spacetime dimen-
sion n is kept general at this stage. All Greek indices in
(12–14) are normal spacetime labels.
From the S0 term, that determines the propagators,
it can be seen that the cosmological constant acts like
a mass term for the photon; the origin of this is the
field space connection that is absent in the standard
background-field approach. Part of the Λh2 term has a
similar origin and interpretation. The photon and gravi-
ton propagators that follow from S0 in (12) are{
Gµν(x, x
′)
Gρσλτ (x, x
′)
}
=
∫
dnp
(2π)n
eip·(x−x
′)
{
Gµν(p)
Gρσλτ (p)
}
,
(15)
where
Gµν(p) =
δµν
(p2 − Λ)
+
(2ζ − 1) pµpν
(p2 − Λ)(p2 − 2ζΛ)
, (16)
and
Gρσλτ (p) =
δρλδστ + δρτ δσλ −
2
n−2δρσδλτ
2
(
p2 + nΛ2−n
) (17)
+
1
2
(κ2ξ − 1)
δρλpσpτ + δρτpσpλ + δσλpρpτ + δστpρpλ(
p2 + nΛ2−n
)(
p2 + nκ
2ξΛ
2−n
)
To obtain that part of the effective action quadratic in
A¯µ resulting from the gauge fields hµν and aµ we expand
the functional integral representation (9) in powers of A¯µ
up to second order. (The first order term vanishes.) We
have
Γ2 = 〈S2〉 −
1
2
〈S21〉 (18)
where 〈· · · 〉 means to evaluate the enclosed expression
using the Feynman rules and propagators given in (15–
17) keeping only one-particle irreducible graphs. We use
〈hµν(x)hρσ(x
′)〉 = Gµνρσ(x, x
′) , (19)
〈aµ(x)aν (x
′)〉 = Gµν(x, x
′) . (20)
Standard results of dimensional regularization lead to
(letting n→ 4 everywhere except in the pole term)
〈S2〉 ≃ −
3
4
(
κ2 +
1
2ξ
)
Λ
16π2(n− 4)
∫
d4xF¯ 2 . (21)
(The ≃ in (21–23) denotes that this is not the complete
expression, merely the part that can contribute to charge
renormalization.) We can safely take the limits ξ → 0
and ζ → 0 in all but the divergent 1/ξ term. This term
must cancel with a similar term coming from 〈S21〉 since
the formalism guarantees the existence of the ξ → 0 limit.
Unlike the situation for 〈S2〉, the evaluation of 〈S
2
1〉
does not simply involve the coincidence limit of propa-
gators. Because S1 in (13) involves an explicit factor of
1/ξ, 〈S21 〉 will involve factors of 1/ξ, 1/ξ
2 as well as terms
that remain finite as ξ → 0. It can be shown that all of
the 1/ξ2 dependence cancels and we are left with (again
taking n→ 4 everywhere except in the pole term)
〈S21〉 ≃ −
(
9κ2
4
+
3
4ξ
)
Λ
16π2(n− 4)
∫
d4xF¯ 2. (22)
By combining (21) with (22) to evaluate (18), it can be
observed that all of the 1/ξ terms that diverge as ξ → 0
cancel to leave us with
Γ2 ≃
3κ2Λ
128π2(n− 4)
∫
d4xF¯ 2 . (23)
This is our main result showing that there is a divergence
present in the effective action that must be dealt with
by a field renormalization. The field renormalization is
directly linked to the charge renormalization [28].
A standard renormalization group analysis [19] leads to
the equation governing the running electric charge e(t):
de(t)
dt
= −
3
64π2
κ2Λe . (24)
Here t is the parameter that scales the energy E → etE
used in (1). It follows that the behaviour of the run-
ning electric charge is governed mainly by the sign of the
cosmological constant. If Λ > 0 then the quantum grav-
ity correction will lead to asymptotic freedom, whereas a
negative cosmological constant will lead to infrared free-
dom (as t → −∞). This conclusion is based on just the
4quantum gravity contribution, and ignores the contribu-
tions from other matter fields. Note that κ and Λ will
satisfy renormalization group equations of their own that
must be taken into account when solving (24).
We can study other possibilities that could arise in
more realistic, or more general, theories. Suppose that
the renormalization group equation looks like
dg(t)
dt
= aκ2Λg − bg3 (25)
for calculable numbers a and b as suggested by (24) and
the standard result in the absence of gravity. It can then
be seen that there is a possible fixed point away from
g = 0. If we ignore the running of κ and Λ, the fixed
point occurs at g2⋆ = aκ
2Λ/b provided that the right hand
side is positive. If we take Λ > 0, as present observations
indicate [29], and take a < 0 as found above, then we
require b < 0. The resulting fixed point will not be ul-
traviolet stable, and in the absence of gravity (a = 0)
would correspond to a theory that is not asymptotically
free, Yang-Mills theory with too many fermions for exam-
ple. Thus it appears as if quantum gravity can alter the
location of a fixed point. Ignoring the renormalization
group evolution of κ and Λ results in a value of g⋆ that
is tiny, due to the smallness of Λ, so the phenomenologi-
cal importance of a putative fixed point is questionable.
At this stage it is not clear if a < 0 is a universal fea-
ture or is theory specific. It is still possible, as suggested
in [13], that quantum gravity corrections can render a
theory that is not asymptotically free in the absence of
gravity asymptotically free when gravity is quantized, as
we found for quantum electrodynamics. Whether or not
this is the case, and the phenomenological relevance is
worthy of further investigation. A puzzling aspect of the
result obtained is that the cosmological constant is nor-
mally thought of as affecting gravity only at very large
distances, whereas our result shows that there can be an
effect at small distances. It is possible that running gauge
coupling constants could give useful information about
the cosmological constant, establishing an intriguing con-
nection between macroscopic and microscopic realms.
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